where ip a is an arbitrary covariant vector, and
define the same geometry of paths. This leads to the consideration of properties of the paths which are independent of the particular set of functions r^ by means of which the paths are defined. Theorems expressing such properties constitute the projective geometry of paths. In the following note we give a few theorems belonging to the projective geometry of paths. where the left members represent a summation in a from a = 1 to a = n. It will be understood in the following that each index which appears twice in a term, once as a subscript and once as a superscript, is to be summed over the values 1 to n. The change [h«x)ij] in the covariant derivative h(a)ij of the w-uple h (<X )i, based on the functions F l a^ when the T's are replaced by the above functions J, is
The vector n defined by
will therefore change by t/^ when r^is replaced by A l a^i .e. (8) M = V*. Hence (9) A(«)# = h^U + h^iYj + hi^jYi represents a set of n projective covariant tensors of the second order.
In a similar way we may treat the case of an w-uple of independent contravariant vectors h (cc) i . This leads to a set of n projective mixed tensors of the second order given by
where the vector Xi is defined as
in which the covariant w-uple h^i is obtained from the (12) is also sufficient for the n-uple of independent covariant vectors h(a)i to be parallel. Hence we have the following theorem. THEOREM I. A necessary and sufficient condition for the n-uple of independent covariant vectors h^i to be parallel in the projective geometry of paths is that (12) be satisfied.
Forming the equations (13) hf* = 0, we may state the corresponding theorem for the case of a contravariant n-uple. THEOREM II. A necessary and sufficient condition for the n-uple of independent contravariant vectors h {a)l to be parallel in the projective geometry of paths is that (13) be satisfied.
4. Reduction to the Euclidean Geometry. The affine geometry of paths becomes a euclidean geometry if there exists an n-uple of independent parallel covariant vectors h«x)i. This is obviously a necessary condition and it is seen to be sufficient since the existence of an 7^-uple of parallel vectors h^i leads to the equations
where B^y is the affine (ordinary) curvature tensor, and hence A similar theorem may be stated for the n-uple of contravariant vectors.
Reduction to the Eiemann Geometry.
For the projective geometry of paths to be a Eiemann geometry it is necessary and sufficient that the T's be such that there exists a symmetric tensor g a p whose determinant where g a p r is the covariant derivative of g a p based on the functions r^p, and multiplying by the contravariant tensor g<*P, formed in the ordinary manner from the tensor g a p, we have
Substituting this value of ip y in the left member of (18) 
